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Abstract. The Chouinard formula for the injective dimension of a module
over a noetherian ring is extended to Gorenstein injective dimension. Speciﬁ-
cally, if M is a module of ﬁnite positive Gorenstein injective dimension over a
commutative noetherian ring R, then its Gorenstein injective dimension is the
supremum of depthRp − widthRpMp, where p runs through all prime ideals
of R. It is also proved that if M is ﬁnitely generated and non-zero, then its
Gorenstein injective dimension is equal to the depth of the base ring. This
generalizes the classical Bass formula for injective dimension.
1. Introduction
Throughout this paper all rings are assumed to be unitary, commutative and
noetherian. In 1976, Chouinard gave a general formula for the injective dimension
of a module when it is ﬁnite (see [5]).
Chouinard’s Formula. Let M be an R-module of ﬁnite injective dimension. Then
idRM = sup{depthRp − widthRp Mp | p ∈ Spec(R)}.
Recall that the width of a module M over a local ring R, widthR M , is deﬁned
as inf{ i |TorRi (k,M) = 0}, where k is the residue ﬁeld of R. This formula can
be considered as a general version of the Bass formula for injective dimension. In
his paper “On the ubiquity of Gorenstein rings” [3], Bass proves that a non-zero
ﬁnitely generated module over a local ring has either inﬁnite injective dimension or
injective dimension equal to the depth of the base ring. The main results of this
paper extend both Bass’s and Chouinard’s formulas to the Gorenstein injective
dimension of modules.
The Gorenstein injective dimension is a reﬁnement of the classical notion of the
injective dimension of a module, in the sense that it is always less than or equal to
the injective dimension and equality holds when the injective dimension is ﬁnite. It
was introduced by Enochs and Jenda in [9] as the dual notion to the G-dimension
deﬁned by Auslander-Bridger [1], [2] some twenty years earlier. Auslander and
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Bridger’s G-dimension extends the notion of projective dimension, and its ﬁniteness
characterizes Gorenstein local rings (see [2]).
Our Theorem 2.3 extends Chouinard’s formula to the Gorenstein injective di-
mension of modules, while Theorem 2.5 is a generalized Bass formula for Goren-
stein injective dimension. A generalized Chouinard’s formula has been proved in
[8] for modules of ﬁnite Gorenstein injective dimension over a quotient of a Goren-
stein ring. There have also been several partial extensions of the Bass formula to
Gorenstein injective dimension: over a Gorenstein local ring in [10], over a Cohen-
Macaulay local quotient of a Gorenstein local ring in [6], over any local quotient of
a Gorenstein local ring in [8] and over an almost Cohen-Macaulay local ring in [13].
These can all be concluded from our results, which give ultimate generalizations of
the classical formulas in the case of positive Gorenstein injective dimension.
2. Main results
Deﬁnition 2.1. An R-module G is said to be Gorenstein injective if and only if
there exists an exact complex of injective R-modules
I = · · · → I2 −→ I1 −→ I0 −→ I−1 −→ I−2 −→ · · ·
such that the complex HomR(J, I) is exact for every injective R-module J and G
is the kernel in degree 0 of I. The Gorenstein injective dimension of an R-module
M , GidR(M), is deﬁned to be the inﬁmum of integers n such that there exists an
exact sequence
0 → M → G0 → G−1 → · · · → G−n → 0
with all Gi’s Gorenstein injective.
Lemma 2.2. Let R be a commutative noetherian ring. The following inequality
holds for any Gorenstein injective R-module M and any prime ideal p ∈ Spec(R):
depthRp − widthRp Mp ≤ 0.
Proof. Since M is Gorenstein injective, there exists an exact sequence
E• : · · · → E1 → E0 → M → 0
of R-modules, with all Ei’s injective. Set
K1 = ker(E0 → M)
and
Ki = ker(Ei−1 → Ei−2), for i ≥ 2.
Now assume that p is a prime ideal of R and T is an Rp-module. We have
Ext iRp(T,Mp)
∼= Ext i+tRp (T, (Kt)p) for any two positive integers i and t. In particu-
lar, if T has ﬁnite projective dimension over Rp, we can conclude that Ext iRp(T,Mp)
has to be zero for any positive integer i. We ﬁnish the proof by using [7, Proposi-
tion 5.3(c)] for the Rp-module Mp to get the second inequality below:
0 ≥ sup{ i |Ext iRp(T,Mp) = 0, for some Rp−module T with pdRpT < ∞}
≥ depthRp − widthRp Mp.

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The lemma shows that the inequality
0 ≥ sup{depthRq − widthRq Mq | q ∈ Spec(R)}
holds for any Gorenstein injective module M . In particular, the supremum is
equal to zero if there is a prime ideal q with depthRq − widthRq Mq ≥ 0. Any
ﬁnitely generated module is an example of a module with this property; therefore
the equality 0 = sup{depthRp − widthRp Mp | p ∈ Spec(R)} holds for any ﬁnitely
generated Gorenstein injective R-module M (in fact, this is a special case of the
main theorem of [13] by the ﬁrst and third authors of this paper).
Theorem 2.3. Let R be a commutative noetherian ring and M an R-module of
ﬁnite positive Gorenstein injective dimension. Then
GidR(M) = sup{depthRp − widthRp Mp | p ∈ Spec(R)}.
Proof. By [8, Lemma 2.18], there exists a short exact sequence
0→ K → L → M → 0,
where K is a Gorenstein injective R-module and idRL = GidR M .
For any p ∈ Spec(R), the exact sequence 0 → Kp → Lp → Mp → 0 induces the
long exact sequence
· · · → TorRpi (k(p),Kp)→ TorRpi (k(p), Lp)
→ TorRpi (k(p),Mp) → TorRpi−1(k(p),Kp) → · · ·
where k(p) denotes the residue ﬁeld Rp/pRp. Thus the following inequalities hold:
widthRp Lp ≥ min{widthRp Mp,widthRp Kp}
and
widthRp Mp ≥ min{widthRp Lp,widthRp Kp + 1}.
Now suppose that p ∈ Spec(R) is such that widthRp Kp ≤ widthRp Mp. Using
the inequalities above, we get widthRp Kp ≤ widthRp Lp.
By Lemma 2.2, depthRp−widthRp Kp ≤ 0; therefore for any prime ideal p with
widthRp Kp ≤ widthRp Mp we have
depthRp − widthRp Mp ≤ 0
and
depthRp − widthRp Lp ≤ 0.
By Chouinard’s equality for modules of ﬁnite injective dimension [5, Corollary 3.1],
idRL = sup{depthRp − widthRp Lp | p ∈ Spec(R)}.
Using the fact that idRL = GidR M > 0, we observe that
0 < GidR(M) = idR(L)
= sup{depthRp − widthRp Lp | p ∈ Spec(R)}
= sup{depthRp − widthRp Lp | p with widthRp Mp < widthRp Kp}.
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We use the aforementioned width inequalities once again to see that for any prime
ideal p with widthRp Kp > widthRp Mp, we must have widthRp Mp = widthRp Lp.
Thus
GidR(M) = idR(L)
= sup{depthRp − widthRp Lp | p with widthRp Mp < widthRp Kp}
= sup{depthRp − widthRp Mp | p with widthRp Mp < widthRp Kp}
= sup{depthRp − widthRp Mp | p ∈ Spec(R)}.

The following consequence of Theorem 2.3 shows that Gorenstein injective di-
mension does not grow under localization.
Corollary 2.4. Let M be an R-module and let p ⊆ q be prime ideals of R. Assume
that GidRp Mp < ∞; then
GidRp Mp ≤ GidRq Mq.
Proof. The inequality is clear if GidRq Mq = ∞ or q ∈ Supp (M). Now assume
that Mq = 0 and GidRq Mq < ∞.
If GidRq Mq = 0, then Lemma 2.2 gives the last inequality below:
sup{depthRQ − widthRQ MQ |Q ∈ Spec(R) and Q ⊆ p}
≤ sup{depthRQ − widthRQ MQ |Q ∈ Spec(R) and Q ⊆ q} ≤ 0.
Thus by Theorem 2.3, GidRp Mp cannot be positive.
If GidRq Mq > 0, there is nothing to prove when GidRp Mp = 0, and the desired
inequality is a direct consequence of Theorem 2.3 otherwise. 
We conclude this paper with an ultimate generalization of the classical Bass
formula to Gorenstein injective dimension.
Theorem 2.5. Let (R,m) be a local ring and let M be a non-zero ﬁnitely generated
R-module with GidR(M) < ∞. Then
GidR(M) = Gid ̂R(M ⊗R ̂R) = depthR.
Proof. First note that by Lemma 2.2 and Theorem 2.3, it is clear that depthR ≤
GidR M .
On the other hand, by [11, Theorem 3.6], the ﬁniteness of Gorenstein injective
dimension of M over R guarantees the ﬁniteness of Gorenstein injective dimension
of M ⊗R ̂R over ̂R. Therefore, using the remark after Lemma 2.2 and Theorem 2.3
again, we get
GidR M = sup{depthRp|p ∈ SuppR(M)}
and
Gid
̂R(M ⊗R ̂R) = sup{depth( ̂R)q|q ∈ Supp ̂R(M ⊗R ̂R)}.
For any p ∈ SuppR(M), let q be a prime ideal of Spec( ̂R) minimally containing
p ̂R. We have q ∈ Supp
̂R(M ⊗R ̂R) and depth( ̂R)q = depthRp. Therefore, the
inequality GidR M ≤ Gid ̂R(M ⊗R ̂R) holds.
Finally, since every complete local ring is a quotient of a regular local ring, we
can use [8, Theorem 6.3] to get the equality Gid
̂R M⊗R ̂R = depth ̂R, which ﬁnishes
the proof of the theorem. 
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The i-th local cohomology module of M with respect to an ideal a of R is denoted
by Hia(M). These modules were introduced by Grothendieck and many people have
worked on understanding their structure and ﬁniteness properties. Grothendieck
himself conjectured that the part of a local cohomology module Hia(M) that is
killed by a is a ﬁnitely generated module. In general, this is not true. The best-
known and ﬁrst counterexample was due to Hartshorne: set R = Q[[x, y, z, w]],
M = R and a =< x, y >. In this case, if m denotes the maximal ideal of R, even
HomR(R/m,H1a(M)) is not ﬁnitely generated.
In view of his example, Hartshorne deﬁned a (not necessarily ﬁnitely generated)
module N to be a-coﬁnite if the support of N is contained in the variety of a and
in addition ExtiR(R/a, N) is a ﬁnitely generated R-module for all i.
For a non-zero ﬁnitely generated R-module M there is an inequality, dimR M ≤
idRM ; see e.g. [4, Theorem 3.1.17]. This result was extended to coﬁnite modules
by Hellus [12, Theorem 2.3]. In another direction, [16, Proposition 1.2] provides a
similar inequality for modules with ﬁnite Gorenstein injective dimension. All these
statements can be concluded from our following theorem.
Theorem 2.6. Let (R,m) be a local ring. If a is an ideal of R and M is a non-zero
a-coﬁnite R-module with ﬁnite Gorenstein injective dimension, then
dimR M ≤ GidR M.
Proof. By [16, Lemma 1.1], the module Him(M) is zero for all i > GidR M . On
the other hand, by [14, Theorem 2.9], the module HdimMm (M) is non-zero. Now the
assertion holds. 
Let (R,m) be a commutative noetherian local ring. In [16, Theorem 1.3], it is
shown that if R admits a ﬁnite module of ﬁnite Gorenstein injective dimension and
maximal Krull dimension, then R is Cohen-Macaulay. This generalizes a theorem
of Bass and improves upon a result of Takahashi [15, Theorem 3.5(1)], where the
ring is assumed to have a dualizing complex. Now we are ready to give an extension
of this result for coﬁnite modules, as an application of our Theorem 2.3.
Theorem 2.7. Let (R,m) be a local ring and a an ideal of R. If R admits a
non-zero a-coﬁnite R-module M with ﬁnite Gorenstein injective dimension and
dimR M = dimR, then R is Cohen-Macaulay.
Proof. By Theorem 2.3, there exists q ∈ SuppM with GidR M ≤ depthRq. Then
one has
dimR = dimR M ≤ GidR M ≤ depthRq ≤ dimRq = ht q.
Hence q must be the maximal ideal m, and therefore
dimR ≤ depthRm = depthR.
It follows that R is Cohen-Macaulay. 
Note that Theorem 2.7 is not valid in general. For example, let (R,m) be a local
non-Cohen-Macaulay ring. Set M = E(R/m), the injective envelope of R/m. Then
M is Artinian and thus m-coﬁnite with ﬁnite Gorenstein injective dimension.
2206 LEILA KHATAMI, MASSOUD TOUSI, AND SIAMAK YASSEMI
Acknowledgments
The authors would like to thank the referee for pointing out an unnecessary
condition in Corollary 2.4. They are also thankful to Sean Sather-Wagstaﬀ for his
thorough reading of this paper and for his comments.
Part of this research was done while L. Khatami was visiting the Department of
Mathematics at Harvard University. She wishes to thank Harvard for its support
and kind hospitality.
The ﬁnal version of this paper was prepared during S. Yassemi’s visit to the Max-
Planck Institut fu¨r Mathematik (MPIM). He would like to thank the authorities of
MPIM for their hospitality during his stay there.
References
[1] M. Auslander, Anneaux de Gorenstein, et torsion en alge`bre commutative, Secre´tariat
mathe´matique, Paris, 1967, Se´minaire d’Alge`bre Commutative dirige´ par Pierre Samuel,
1966/67. Texte re´dige´, d’apre`s des expose´s de Maurice Auslander, Marquerite Mangeney,
Christian Peskine et Lucien Szpiro. E´cole Normale Supe´rieure de Jeunes Filles. MR0225844
(37:1435)
[2] M. Auslander and M. Bridger, Stable module theory, Mem. Amer. Math. Soc. 94 (1969).
MR0269685 (42:4580)
[3] H. Bass, On the ubiquity of Gorenstein rings, Math. Z. 82 (1963) 8–28. MR0153708 (27:3669)
[4] W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge Studies in Advanced Mathe-
matics 39, Cambridge University Press, Cambridge, 1993. MR1251956 (95h:13020)
[5] L. G. Chouinard II, On ﬁnite weak and injective dimension, Proc. Amer. Math. Soc. 60
(1976), 57–60. MR0417158 (54:5217)
[6] L. W. Christensen, Gorenstein dimensions, Lecture Notes in Mathematics 1747, Springer-
Verlag, Berlin, 2000. MR1799866 (2002e:13032)
[7] L. W. Christensen, H-B. Foxby and A. Frankild, Restricted homological dimensions and
Cohen-Macaulayness, J. Algebra 251 (2002) (1), 479–502. MR1900297 (2003e:13022)
[8] L. W. Christensen, A. Frankild, and H. Holm, On Gorenstein projective, injective and ﬂat
dimensions—A functorial description with applications, J. Algebra 302 (2006) (1), 231–279.
MR2236602 (2007h:13022)
[9] E. E. Enochs and O. M. G. Jenda, On Gorenstein injective modules, Comm. Algebra 21
(1993), 3489–3501. MR1231612 (94g:13006)
[10] E. E. Enochs and O. M. G. Jenda, Gorenstein injective and ﬂat dimensions, Math. Japon.
44 (1996), 261–268. MR1416263 (97k:13019)
[11] H. B. Foxby and A. J. Frankild, Cyclic modules of ﬁnite Gorenstein injective dimension
and Gorenstein rings, Illinois J. Math. 51 (2007) (1), 67–82 (electronic). MR2346187
(2008i:13022)
[12] M. Hellus, A note on the injective dimension of local cohomology modules, Proc. Amer. Math.
Soc. 136 (2008), 2313-2321. MR2390497
[13] L. Khatami and S. Yassemi, A Bass formula for Gorenstein injective dimension, Comm.
Algebra 35 (2007) (6), 1882–1889. MR2324620 (2008b:13019)
[14] A. Maﬁ, Some results on local cohomology modules, Arch. Math. 87 (2006), 211–216.
MR2258920 (2007i:13018)
[15] R. Takahashi, The existence of ﬁnitely generated modules of ﬁnite Gorenstein injective di-
mension, Proc. Amer. Math. Soc. 134 (2006) (11), 3115–3121 (electronic). MR2231892
(2007d:13020)
[16] S. Yassemi, A generalization of a theorem of Bass, Comm. Alg. 35 (2007), 249–251.
MR2287566 (2007i:13013)
FINITENESS OF GORENSTEIN INJECTIVE DIMENSION OF MODULES 2207
Department of Mathematics, Northeastern University, 360 Huntington Avenue,
Boston, Massachusetts 02115
E-mail address: l.khatami@neu.edu
Department of Mathematics, Shahid Beheshti University, Tehran, Iran — and —
School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P. O.
Box 19395-5746, Tehran, Iran
E-mail address: mtousi@ipm.ir
Department of Mathematics, University of Tehran, Tehran, Iran — and — School of
Mathematics, Institute for Research in Fundamental Sciences (IPM), P. O. Box 19395-
5746, Tehran, Iran
E-mail address: yassemi@ipm.ir
